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Introduction

Recall in Ki Fung's talk :

3D Mirror Symmetry
A F B

-holo. sympl: X - X!-

manifolds (stacks) -

-

↑
branes : y -> & T z >

(geometris) & holo . T ↑ holo.

X
Lagr. =

X ! Lagr .-



Given G :<pX
reductive - N : G -

rep
S

Higgs Coulomb

3D pair : X = T
*

IN/G]
,
X : = MG,N IBFNI

Here MG
, N

: = Spec AGN is a Poisson variety.
&
defined via convolution prod.

2 .g . 3D branes on X inse. Go() : - proper

[Chan-Leung] : Construction of 3D mirror branes

via SYZ mirror
, for G =T or N =o cases.



Thm [Chan-Chan-1
.
I

Given a 3D brane Go (*ht) : f proper,

Eclosed string construction of the mirror

Lagrangian LCMG , N
= Spec Agin

More Precisely :

For Go (f) : f proper + mild assumptions on X.

SN : Shift Operator
= quantizable module action As

.N
* QH(y) .



Rmk : Coulomb branch algebras admit natural quantization
AN , quantizable means Elift

[Ih]-lin .

I : Ac - QH* (y) [t] .

Rmk : Here QH(y) can be big quantum cohomology,
but we focus on small QH.

Rmk : If YT is compact , even without properness
of f : Y -> N ,

one can still define $ but only
on localized QH

.



Rmk : Our construction is very general and does

not assumeYT compact. In particular localization

is not required for def* of SN.

Rmk : There is also K-theoretic analogue
by replacing AGN With K - th. Coulomb branch

and QH by Quantum K-rings.



E
. g. G = (

Y AN = C
, QH(k) = C[a]
T***

WSta
&
N extends to Soc : Acto QH(4) loa

~ K[aF]
.

explicitly : Sloc)z")(1) = gr
,
UneE

then Sv(zhar)(1) = 1
,
n20 .

=> A
, I

is precisely the largest CATo
such that SN preserves K[a].



Z

Ac
, o
UKTaF] : I

& compactify
Xza

↑
A CTa] : ·

> z



In general. MG , O is a group scheme which naturally
acts on MG

,N <- Ago is a coalgebra and AGN
is an Ago -comodule.

The following uniquely characterize AGN .

Thm 2
. [Chan-Chan-L

.
I

AGN CAsio is the largest sub-comodule

such that AGi * QH(y) is defined without
localization

, for all f : Y -> N proper . (+ flavor symmetry



Applications :

One can input 1QHa(y) to get the generalized
Seidel homomorphism

EN : AGN > QH(y) .

The fact that it's defined without localization
allows one to take non-equivariant limits.

- together with gradedness ,
useful in calculations.



(i) Y = G / p flag variety ,
N =

- En gives a generalization of Peterson's isomorphism.

(ii) Y = T
*

G/P , N =

of adjoint rep . [Chan-Chan
- Show-1

. ]
-> A further generalization of SN

gives a geometric construction of trig . degenerate
DAHA action on QHx*** G/P).

(iii) The
maps SN for (ii) and Sil are compatible

under a certain limiting process.



Thm 3
. (generalization of Teleman's gluing)
If the non-zero T-weights of N are not negative
multiples of each other

,
then AG,N is the

fibre product :

comod ide EN
AG

, N
+

~ Apo AGNAGOQH
V -

V

Agio Calg; Ago Aso ideAgo@ QHa(N)
HGSpH Ha(pt) loc



2 Shift Operators

(i) Abelian case G = T = ((
* )"

, N = 0
.

ATo = HELIT) = HiSpt@Hom(RY, T) .

= KTzit , ... ,
z , a , ...., an] MSpe--

Hom((*, T). H Spt) .

+*

Assoc .
to cocharacter X = Hom((X,T)

~ BX : Be" = CIPY , BT



Then DIP"CKIPXBX > BT gives

a T-bundle T -

Ex
KIP1

Let Y be sm . projective , TW Y.
- The Seidel space is Ex(y) = ExXTY

*

<I!

TX
X

↳TX-

acts via
Y Y

trivial
X :(

*
->T

↓
* * IPI



& Hz(Ex(y)i4) an effective class is called a

section class if TAB = [IP11.

For B section class
, Consider

genus O , 2 marks stable maps to

evMx- S E (y) with curve class & , &
Y
*

Y
Sit . #(0) = 0((p ,

π(x) = x = IP"

Rmk : We keep track of section class using equiv .

Novikov parameters ge KIHILY ; 2)] ,
via

Hz(Ex(Y] ;2) < HILYiZ) .



The shift operator&zX) is the
map

$ : HEx(Y) > HEx CECylIgt]
is the composition of
(1) twisting map Ex : Hxe(y) > HEY*

defined via automorphism TX &* < TX I*
(t

, k) + (x(kit
, k)

.

(II) Section - counting : H +*x* (Y* ) > HExcE(y) [1g+I
21 > [gP ev8x(ev +

()n [Mx(p)]vr)
B



(ii) General G and N case .

0 = KItI

k = (((t()

Main differences : Gra = Gk/Go

(a) Non-Abelian Coulomb branch AGIN is in general
a subalgebra of Agio = (Heo(Gra) ,

*)
.

(b) Y -> N is proper , but Y is in general not,
so pushforward euf

may not be defined.**

Rmk : For (b) , if YT is proper , one can still

proceeds using localizations.



Solution to (b) requires a better understanding of (a) :

Thm
. (SCL) E "stratified vector bundle" UN -Sirc

st. Agn = e(Vn)nHiGra) <HE(Gra)
·

Il

AssMore precisely , the Soulomb branch is defined to

be H &O(RN) , where it fits into

RN C YN : 0 bank VB
-

fiberwise ↓

linear "Gra



Heuristically , UN is the fiberwise quotient

Vi : = Tn/RN
.

Then the pullback of U on Ti has a canonical

section whose zero locus = RN.

In practice , UN is not constant rank on affine

Schubert varieties (closed strata)
,

BUT I resolutions S .t . UNI cells extends to VB.

(of aft. Schubert varieties)



Proceeding to define SN : e(UN) ~H
*
(Gra) -QH(y).

Functor of points description of Gra

3 E principal G-bundle

Gi
Y

V
equipped with E ~ GXGra *Do

.

GraXIP" Gra Y Ko

where Ro < IP' is shart around N



The Seidel space is then E(Y) := Ex*Y = X
Lπ

GraXIP"

Note that T /Grax[o)) = GKXPOY ,
i (Gra x50b) = GraxY

.

To define SN :

(i) Twisting map , restricted from/topological
H (Gra) @ HSy) > HGay)
U U

e(UN)nHGra) H(y) < e(UN) ~H& (GkXGoY)



(ii) Section -

counting : (requires Solving (b) . properness of e)

Let B be a section slass on E(Y) , i.e . #B = [pIQ[IP]
let M(B) be the moduli space of g=0 stable maps
with 2 marked pts lying over i (Graxob) & (Graxsy)

respectively.

Key Lemma
. Ecanonical section & of pullback of UN

over (JB) , sit. the restriction of eva to

z(B) : = Zero (3)
is proper .



~ Section counting : eSUN)nH(GKxP0y) > HSy)IgeI ·
vir

Define e(TN) na 1>[g1 prevE( *

(a)n[z(pL]
where pr : Graxy -> Y.

Idea of Key lemma :

For G = T = ((*)" Gry = Hom (d*, Th ="
a

# A, 117
~ UN

,
is just a T-rep

- 2 -

10123

(e Gr
+



Go = Spect .

Explicitly :

= SpecKIt1

V negative degree Ex(N)
oS Y

-

x (int) part of th . S
S : Section of ↓

L Do
There t coord. near OcIP'] D

Se No

Therefore we have a canonical section (for Y = N) .

z : My (N ,
d) > UN

x
↓

5 1 negativedeyparta



Since ↑ is transition function of Ex(N) -> IP's

> t . olg - NDIt] automatically

< z(0) = 0 if and only if o is constant on ?.

~ EVx

z(z)
is simply an inclusion of vestor spaces.

E
. g. T = &"

, N = C

Un
X =

- 1

=> negative deg . part of +s se DIY
= R . t" = N

.



so elUulx
=
-1) . z" = a . zte Age

Si

& [z , za]
.

The argument for non-Abelian G is similar.

For general Y ,
we use the compatibility

Ex(y , p) <Mx(y , B)
eva

*↓ ↓ F -
Ex(N .o)< My (N , 0)

No
> N



3 Applications & Examples .

(i) Abelian case : T = (D)"
. Y = N = K3

:·

Explicitly : A +,N = H(pH · e(Unlx)z4 .

XE-XL

where e(VN(x) = It 3-Si(x)
3i : 3i(x) < 5

~D En (e)Vv(x) zX) = gXT(33im &



If N is gluable Bi + negative multiple

of 3; for nonzero Bi,

=> ATIN is the largest subspace of AT
, o

st . En has no denominators.

In general , one turns on FlavorSymmetry- N

Thm AGN C Ago is the largest sub-comodule

of AGio Sit . SN
. En are defined without localizations.



(ii) For Y = G/B
,
N = 0

, inputting 1QH)

gives ring map EN : HEOCGra) > QH(/)
.

↓
↓

Affine Schubert- quantum Schubert

classes classes

For G general reductive ,
the use of equir . Novikov variable

is essential
.

~ Generalizes Peterson's isomorphism .



E
. g. For G = PGL2 2 IP" ,

then T & G - Novikov variable

are related HILIP" ; 2) = 2 > HE(P'; 2) = X
.

↓

E
, (14) 8 g,,82 8 > gi =gz

E-i()]W Weyl Coinv
.

([X , a]((g , -gz)
z1 > g, (x+a) X(x+a) = gig

+

z"1sg2X Si

Ax
, o

= CIzF , al > QHx(IP") Ig+
I

Z /g =

gz ==g
APCL

,
0

= CIzF ,
a,I > QHi(IPY Igal

> g .



(iii) Y = T
*

G/B ,
N = of adj. rep.

= Affine flag variety version of Coulomb branch,

from the data JG , N , V) where V = B- subrep.

of N- [dil
AG,N

.v (i) refers to extra dilation action)

Prop . For (G . N , V) = (G
, y ,

bt)
,

AdilNir has a natural basis GD(w
.x)) indexed by

the Iwahori-Weyl group ,
and is isomorphic to trig . deg

. BAHA .

Rmk : AGN is the spherical subaly of AGN
, V.



As vector space , the DAHA is given by
CIt*dil] Q CIT] * CIW]
↑ M A

X equivariant X
equivariant (left) Demazure - Lustig

parameters Novikov variables operators.
EX

↓ Kil-parameter
E

.g . QH
*

(T*P') Ig+] = ([X , a, k](g · (2)
[ * Ddil X(X+a) = 8182

. k(k- 2x - a)
1-g,ga

DL operator Do (x) = 0xx) - k . X- *x) = k- X - a .

v= 2 = W



Prop . (In progress) V 4 AG
. N

,V and X
, d cysles on X

Sit
. f(x)CV and f(x2 n V c Sob

,
the

< SGN
,
v (4)(2) , X @ H(HIIgT1 without localize

.

Thm
.

(In progress) =(graded) - module action

Kil

Agio , bt
~ QHIJT

*

/B) IGTI
St

HptDw Stable envelopes
XE1L o
sit . Dawix) (Stab+(v)) = g

*

Stab- (wV).



Idea : The elements [Dcw
.
x1] are degree O classes.

By proposition (Dcw .x) Stab(v) ,
Stab- (v)

is then degree O in H*xpH IgTH,
i

. e., only involving g+'s.

=> Can compute after setting k = equivariant
parameters of Kil >0 .

> Then
,
Downl

,
Stabt all become

fixed point classes.

Comment : Talk about 3D mirror DAHA action next time
.
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You .


